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very accurate measured atomic structures were then picked up,
from which 26 938 ‘stoichiometric compounds’8 were finally
inspected to find TI candidates). Given that such tiny-gap
compounds are hardly insulators of experimental interest, the
number of forecasted TI’s with above thermal energy gaps is
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alloy models16,18,21,23 that artificially retain the high symmetry
of components, we find a new, sequential, one-by-one inversion
of the split L-valley components (by as much as 150 meV)
over a range of alloy compositions. A sequential transition
occurs between the insulating alloy and a metallic phase in
(PbSe)1�x(SnSe)x over a finite range of compositions (here,
12% o x o 30%). This is consistent with an optical
experiment33 that observes a composition range (13% o x o
24%) for the transition (however, a gap smaller than 50 meV
could not be detected). Perhaps in future, high-resolution
experiments e.g. low-temperature THz range optics and Angle-
Resolved Photoemission Spectroscopy (ARPES) could narrow
down the range.

(b) The removal of spin degeneracy by lifting inversion
symmetry in the alloy leads to a WSM phase (the separation
of Weyl points in momentum space can be larger than 0.05 Å�1)
in the sequential band inversion regime, even without the need
of an external magnetic field (Fig. 1d).

Both realizations (a) and (b) originate from the local sym-
metry breaking. The fact that both PbSe and SnSe in the cubic
phase have inversion-symmetry, yet a Weyl phase is predicted
in random alloy (PbSe)1�x(SnSe)x, is unprecedented, and
implies that the effect owes its existence to inversion symmetry
breaking induced by alloy disorder, not pre-existing in the
constituent compounds. A recent observation34 of linear magneto-
resistance in (PbSe)1�x(SnSe)x alloy in very small magnetic field
reveals the symmetry breaking in charge density, which agrees
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One expects that in general a random substitutional alloy
will be inherently polymorphous, i.e., each of the A sites ‘see’ a
different potential (and so do each of the B sites). Whether this
causes a measurable breaking of valley degeneracy depends on
the delocalization vs. localization of the pertinent wavefunction,
which in turn reflects the physical disparity (size; electronic
properties) between the two alloyed elements A and B. We find
in (PbSe)1�x(SnSe)x a significant (Z150 meV) breaking of
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band picture from the monomorphous description is inade-
quate. The splitting of degenerates in (PbSe)1�x(SnSe)x has been
shown in Fig. 4c.

We then made a statistical analysis among different SQS
(grouped by the Sn composition) on the eigen energies of the
8 split bands at L, which is shown in Fig. 5. We found that the
8 bands have relatively stable valley splitting and small overlap,
making the band inversion at the L point a sequential process,
i.e., at low composition the band inversion firstly occurs
between C4 and A1, then with composition increasing the other
bands become inverted one-by-one. This sequential inversion
regime emerges from the lifting of the valley degeneracy at L by
the alloy disorder. Therefore, this regime is not observable in
monomorphous approaches, where the NI–TCI transition is
sharp and concurrent.

The band gap always locates between the 4th and 5th bands
of the 8 split bands, however because of the one-by-one band
inversion (e.g., at some composition the 4 unoccupied bands
are C1, A1, C2 and A2, while the 4 occupied bands are C3, A3, C4

and A4), the band gap in this regime is very small and hence can
be absent (beyond the measurable range of equipment)33 in
measurement. In an optical experiment,33 the positive-gap
(normal insulating) composition range was x o 10%, and the
composition range where gap o50 meV (the detection limit)
was 13% o x o 24%. Our results suggest a sequential band
inversion in the composition range of 12% o x o 30%. Besides
a possible DFT error, the comparison between our method and
the experiment could also be affected by (1) the absence of band
gap closing points in the experiment (the instrument could not
measure the gap in the far-infrared region with IR detectors at
the time of the experiment), and (2) non-randomness effect and
high carrier concentration in experimental samples. Neverthe-
less, the existence of the composition range over which the

Fig. 5 Sequential band inversion and band broadenings in (PbSe)1�x(SnSe)x
supercells. (a) The averaged eigen values of the 4 cation-like (blue, C1–C4)
and 4 anion-like (red, A1–A4) band branches from EBS at the L point in the
primitive first BZ at different Sn compositions, calculated statistically from
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transition occurs, and the stable splitting energy suggest that
this sequential inversion regime might be observable in high-
resolution experiments e.g. low-temperature THz range optics
and Angle-Resolved Photoemission Spectroscopy (ARPES).

Broken inversion symmetry due to alloy disorder leads to WSM
phase in the sequential band inversion regime

The complex band crossing shown in Fig. 4 and 5 inspired us to
study the topological property hidden inside the sequential
band inversion regime. By calculating the band gap, we found
that the polymorphous approach predicts metallic phase (bulk
gap equals to zero) in the regime of the sequential band
inversion process, where the four C1–C4 and the four A1–A4

have crosses among each other (12% o x o 30%). Within this
metallic phase the mirror Chern number does not apply to
characterize NI or TCI transition. We found that (PbSe)1�x(SnSe)x
alloys have bulk Weyl points in this sequential band inversion
regime, which drives the system to a WSM. The Weyl points
originate directly from the breaking of local inversion symmetry,
which is attributed to two reasons: (a) the atomic potentials are
different between Pb and Sn, and (b) the atomic displacements
are polymorphous and non-uniform. The intensity of inversion
symmetry broken can be seen from the spin degenerates’ split-
ting (10–30 meV) around the L point, as shown in Fig. 4c. Note
that previous works indicated that Weyl phases can appear
between NI and TCI or TI phase,49,50 however they used either
an external magnetic field or non-centrosymmetric compounds,
thus the time reversal symmetry or inversion symmetry has been
broken by an external knob or already in the selected building
blocks. The conclusions in previous works are hence not applic-
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symmetry of constituent compounds. Such Weyl phase originates
from the local symmetry breaking induced by disorder, which
agrees with the magnetoresistance experiment and reveals the
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chirality of Weyl points are then done in the WannierTools
code. The flow chart of how we recognize different topological
phases is shown in Fig. 8.

Effective band structure

The basic concept of EBS can be described using the following
equations. Assume in the supercell |Kmi is the m-th electronic
eigen state at K in supercell BZ whereas in a primitive cell |kini
is the n-th eigen state at ki in primitive BZ, then each |Kmi can
be expanded on a complete set of |ki
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